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Abstract 

We introduce "K-deformations" of generalized complex structures on a com- 
pact Kahler manifold M = (X, J) with an effective anti-canonical divisor and show 
that obstructions to K-deformations of generalized complex structures on M always 
vanish. Applying unobstructed K-deformations and the stability theorem of gener- 
alized Kahler structures, we construct deformations of bihermitian structures in the 
form (J, Jf,ht) on a compact Kahler surface with a non-zero holomorphic Poisson 
structure. Then we prove that a compact Kahler surface S admits a non-trivial 
bihermitian structure with the torsion condition and the same orientation if and 
only if S has a non-zero holomorphic Poisson structure. Further we obtain bihermi- 
tian structures (J,J~,h) on del Pezzo surfaces, degenerate del Pezzo surfaces and 
some ruled surfaces for which the complex structure J is not equivalent to J~ under 
cliff eomor phisms . 
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1 Introduction 

The concept of generalized complex structures were introduced by Nijel Hitchin [T7j de- 
pending on a simple idea by replacing the tangent bundle on a manifold with the direct 
sum of the tangent bundle and the cotangent bundle which include both symplectic and 
complex structures as special cases. Interesting generalized complex structures are aris- 
ing as hybrid of symplectic and complex structures. An associated notion of generalized 
Kahler structures consists of two commuting generalized complex structures which yield 
a generalized metric. It is remarkable that generalized Kahler structures are equivalent 
to the so-called bihermitian structures [16]. Bihermitian structures on complex surfaces 
are extensively studied from view points of conformal geometry and complex geometry 
[UEIIH]. Beihermitian structures are also appeared in the Physics as geometric structures 
on the target space for the supersymmetric a-model [26]. Main purpose of this paper is to 
solve remarkable problems in bihermitian geometry by using deformations of generalized 
Kahler structures. 

Let M = (X, J) be a compact Kahler manifold with effective anti-canonical divisor where 
X is the underlying differential manifold. Then there is the generalized complex structure 
J j induced from the complex structure J. At first we shall show that there exist cer- 
tain unobstructed deformations of generalized complex structures of J7j, which is called 
K -deformations. This is regarded as a generalization of unobstructedness theorem of 
Calabi-Yau manifolds [5], [31] (see also Miyajima's result on unobstructed deformations 
in the case of normal isolated singularity [29].) We apply a unified method as in [11], [12] 
to a meromorphic n-form with a pole along the anti-canonical divisor and show that the 
obstructions to deformations vanish: 
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Theorem 12.51 Let M = (X, J) be a compact Kahler manifold of dimension n and we 
denote by Jj the generalized complex structure given by J. If M has an effective, anti- 
canonical divisor D, then M admits unobstructed K- deformations of generalized com- 
plex structures {Jt} starting with Jq = J which are parametrized by an open set of 
H 2 (L(-D)) = H n > 2 © H^ 1 ' 1 © H n - 2fi . 
In the cases of Kahler surfaces, we obtain the following: 

Corollary 12.71 Let S be a compact Kahler surface with the complex structure J and a 
Kahler form u. If S has an effective, anti- canonical divisor [D] = —Ks, then S admits 
unobstructed K -deformations of generalized complex structures parametrized by an open 
set of the full cohomology group H°(S) © H 2 (S) © H 4 (S) of even degree. 

The obstruction space of K-deformations on compact Kahler surface S is given by H 1,2 © 
H ' 1 = H 1 ^, C). Thus the obstruction space does not vanish if bi(S) ^ 0. For in- 
stance, the product of CP 1 and the elliptic curve E admits unobstructed K-deformations, 
nevertheless the obstruction space does not vanish. 

We apply our unobstructed K-deformations to construct bihermitian structures on 
compact Kahler surfaces. A bihermitian structure on a differential manifold X is a triple 
(J + ,J~,h) consisting of two complex structure J + and J~ and a metric h which is a 
Hermitian metric with respect to both J + and J~. In this paper we always assume that 
a bihermitian structure satisfies the torsion condition: 

- d c + u+ = d c _u_ = db, (1.1) 

where d± = \/—l(d± — d±) and u± denote the fundamental 2-forms with respect to J ± 
and b is a real 2-form. A bihermitian structure on X is non-trivial if there is a point 
x G X such that J+ ^ ±J~ '. A bihermitian structure with J+ ^ J~ for all x G X is 
called a strongly bihermitian structure. If J + and J~ induce the same orientation then 
(J + , J~, h) is a bihermitian structure with the same orientation. A bihermitian structure 
(J + , J~, h) on X is distinct if the complex manifold (X, J + ) is not biholomorphic to the 
complex manifold (X, J~). We say a complex manifold M = (X, J) admits a bihermitian 
structure if there is a bihermitian structure ( J + , J - , h) on X with J + = J. We treat the 
following question in this paper: 

Which compact complex surfaces admit nontrivial bihermitian structures ? 

The question was addressed by Apostolov, Gauduchon and Grantcharov [3]. Kobak [5T] 
gave strongly bihermitian structures on the torus T 4 . Hitchin constructed (non-strongly) 
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bihermitian structures on del Pezzo surfaces by using the Hamiltonian diffeomorphisms 
[19] . Fujiki and Pontecorvo constructed anti-self- dual bihermitian structures on certain 
non-Kahler surfaces in class VII , especially hyperbolic and parabolic Inoue surfaces by 
using the Twistor spaces [8]. There is a one to one correspondence between bihermitian 
structures with the torsion condition ( II. ip and generalized Kahler structures [16] . Thus 
we can obtain bihermitian structures by constructing generalized Kahler structures. Lin 
and Tolman developed the generalized Kahler quotient construction to obtain examples 
of generalized Kahler manifolds [27] and the author established the stability theorem of 
generalized Kahler structures to construct generalized Kahler deformations on a compact 
Kahler manifold with a holomorphic Poisson structure [13], [IS] . However these gener- 
alized Kahler structures do not give a precise answer of the above question since both 
complex structures of the corresponding bihermitian structures may be deformed. 

If we try to obtain deformations of bihermitian structures (J,J^,h t ) fixing one of 
complex structures, then we encounter a problem of the obstructions to deformations 
of generalized complex structures (see [15]). We use K-deformations instead of ones of 
generalized complex structures in order to overcome the difficulty Since K-deformations 
on compact Kahler surfaces are unobstructed, we obtain 

Theorem 16.11 Let S = (X, J) be a compact Kahler surface with a Kahler form to. If S 
has a non-zero holomorphic Poisson structure, then S admits deformations of non-trivial 
bihermitian structures (J, Jf, h t ) with the torsion condition which satisfies 

lj-\ t=Q = -2(P + P).uj 

and J = J and ho is the Kahler metric of (X, J,u), where (3 ■ u is the T) fi -valued d 
closed form of type (0, 1) which gives the Kodaira- Spencer class [(3 ■ uf\ G H 1 ^, 0) of the 
deformations {Jf}- 

It is shown that a non-trivial bihermitian structure with the torsion condition and the 
same orientation on a compact surface gives a nonzero holomorphic Poisson structure [3] , 
[T9] , (see Proposition 2 and Remark 2 in pQ). Thus it follows from our theorem 16.11 that 

Theorem 16.21 A compact Kahler surface admits non-trivial bihermitian structure with 
the torsion condition and the same orientation if and only if S has nonzero holomorphic 
Poisson structure. 

For instance it turns out that all degenerate del Pezzo surface and all Hirzebruch surfaces 
admit non-trivial bihermitian structures with the torsion condition and the same orienta- 
tion. Further since there is a classification of Poisson surfaces [I], [32], [33], we obtain all 
compact Kahler surfaces which admit bihermitian structures with the torsion condition 
and the same orientation. Let T*£ be the cotangent bundle for every Riemannian surface 
S with genus g and S the projective space bundle P(T*S © O^) with the fibre P 1 . Then 
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S has an effective divisor 2[i? 00 ], where is the section of S — > £ with intersection 
number 2 — 2g. Let (3 be a holomorphic Poisson structure with the zero locus 2[i? 00 ]. 
Then it turns out that the class \J3 ■ u] G H 1 (S, O) does not vanish. We denote by X the 
underlying differential manifold of the complex surface S. Thus we obtain 

Theorem 18.151 There is a family of distinct bihermitian structures (J,Jf,h t ) with the 
torsion condition and the same orientation on S := P(T*S © Cs) ; that is, the complex 
manifold (X, Jf) is not biholomorphic to S = (X, J) for small t ^ 0. 

In section 2 we obtain unobstructed K-deformations of generalized complex structures. In 
section 3 unobstructed K-deformations of generalized complex structures is given by the 
action of CL 2 (— D) which is necessary for our construction of generalized Kahler struc- 
tures. In section 4 we recall the stability theorem of generalized Kahler structures and 
in section 5 we describe a family of sections r ± (a(t), b(t)) of GL(TX) which gives de- 
formations of bihermitian structures (J 4 + , Jf , h t ). In section 6,7 we shall show our main 
theorem 16.11 

The author would like to thank for Professor A. Fujiki for valuable comments. He is 
thankful to Professor V. Apostolov for meaningful comments on bihermitian structures 
at Sugadaira conference and at Montreal. He is grateful to Professor M. Gualtieri for a 
remarkable discussion at Montreal. 

2 Unobstructed K-deformations of generalized com- 
plex structures 

Let M = (X, J) be a compact Kahler manifold of dimension n, where X is the underlying 
differential manifold and J is the complex structure on it. Then there is the generalized 
complex structure J defined by J. We denote by T 1 ' the holomorphic tangent bundle 
and A 0,1 is the C°° vector bundle of forms of type (0, 1). The vector bundle L is defined to 
be the direct sum T 1,0 © A 0,1 and we denote by A r L the bundle of anti-symmetric tensors 
of L with degree r which has the decomposition, 

A r L = ® p+q=r T p >° © A 0,9 , 

where T p '° is the bundle of p- vectors and A 0,q is the bundle of forms of type (0, q). Thus 
we have the complex (A'L, d) which is the direct sum of the ordinary (^-complexes (T p '°© 
A '*, d). The sheaf of smooth sections of A r L is denoted by A r C. We assume that M 
has an anti-canonical divisor D which is given by the zero locus of a holomorphic section 
f3 E H°(M, K^l). Thus the canonical line bundle K M is the dual bundle —[D\. We denote 
by Id the ideal sheaf of the divisor D which is the sheaf of sections of the canonical line 
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bundle Km- We define a sheaf A r C(—D) by 

A r Z(-D)(U):={fa\feI D (U), a G A r T(U) }, (2.1) 

where U is an open set of the manifold X. In particular, the sheaf A°£(— D) is given 
by I D © C°°(X). We denote by r(X, A r X(-D)) the set of global smooth sections of the 
sheaf A r C(—D). (In this paper, for simplicity, we often say a section of a sheaf instead 
of a global section of a sheaf.) The sheaf A r C(—D) is locally free which is the sheaf of 
smooth sections of a vector bundle A r L(—D). Tensoring with gives an identification, 

A r L(-D) = A r Z© [-D] = A r L®K M 

Then we have 

A°L(-D) = A ' ®K M 

A l L{-D) =(A 0>1 <g> K M ) © (T 1 ' <g> K M ) 

A 2 L{-D) =(A ' 2 © K M ) © (T 1 ' © A ' 1 © K M ) © (T 2 '° © K M ) 

Thus we have the subcomplex (A'C(—D),d) of the complex (A'C, d). Let J] be a mero- 
morphic n-form with simple pole along the divisor D which is unique up to constant 
multiplication since H°(M,K © [£>]) = C. Note that the enclosed form SI is locally 
written as 

. dz\ A ■ ■ ■ A dz n 

n\u= - f , 

by a system of holomorphic coordinates (zi, ■ ■ ■ , z n ) on a small open set U and / G Id(U). 
The action of A r C(—D) on f2 is defined by the interior and exterior product which is the 
spin representation of the Clifford algebra CL(T©T*). Then it turns out that this action 
yields a smooth differential form on M. Thus we obtain an identification, 

A r L(-D) = ® p+q=r A n -™, 

where A n ~ p,q is the C°° vector bundle of forms of type (n — p, q). 

Lemma 2.1. The direct sum © r A r C(—D) is involutive with respect to the Schouten 
bracket. 

Proof. A local section a of the sheaf A r C is a local section of the sheaf A r C(—D) 
if and only if a ■ Q is a smooth differential form. The Schouten bracket [a>i, 012] 5 for 
ai,ct2 G A'jC(-D) is given by [[d, cki]g, o^g, where [, ]a denotes the graded bracket, 
which is the derived bracket construction (see [13], [25]). Thus [cKi,a 2 ]s • SI is a smooth 
differential form since dQ = 0. It follows that [a±, a 2 }s is a local section of A r C(—D). □ 
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We define a vector bundle U n+r by 



JJ-n+r ._ 



A 



n-p,q 



p+q=r 
0<p,q<n 

Then the identification A r L(—D) = ®p+ q = r A n ~ p,q gives an isomorphism between com- 
plexes, 

(A'L(-D),d) {U- n+ \d). 

Thus the cohomology group H'(L(—D)) is given by the direct sum of the Dolbeault 
cohomology groups, 

H r (L(-D)) = H n ~ p ' q , 

p+q=r 
0<p,q<n 

where H n ~ p,q is the Dolbeault cohomology group H n ~ p ' g (M). Thus we have 
Proposition 2.2. 

H°(L(-D)) =H°{M,K M ) H n '° 

H^Li-D)) =H\M, K M ) © H°(M, 9 <g> K M ) = H* 1 * 1 © iF 1 " 1 - 
H 2 (L(-D)) =H 2 (M, K M ) © H X (M, © AT M ) © #°(M, A 2 © K M ) 
=H n > 2 © H n - 1 ' 1 © iJ"- 2 ' 

We define vector bundles E* by 

E -l = jj-n^ E o = JJ-n+l^ 

E 1 = U~ n © fr ri+2 , E 2 = U- n+1 © £T n+3 , 
Then we have the complex by using the exterior derivative d, 

The cohomology groups H'(E') of the complex (E*, d) is given by the direct sum of the 
Dolbeault cohomology groups, 

H-\E') = H n '° 

H°(E') = H" 1 ' 1 © H n - lfi 

H\E') = H n > 2 © H n -^ © H n ~ 2 ' © H n '° 

H 2 (E') = £P' 3 © H n - l > 2 © H n - 2 ^ © H n ~ 3 ' © H n ' 1 © fP -1 ' 

Let £i be a smooth global section of A 2 C{—D) © A°£(— D) with cfei • Q = 0. For such a 
section £i of A 2 C(—D) © A°£(— -D), we shall construct a family of smooth global sections 



e(t) of A°£(— D) © A 2 C(—D) which gives deformations of maximal isotropic subbundles 
{L t } by the Adjoint action 



Lt := Ad ee(t) L = {E+ [e(t), E] \ E E L}. 



(2.2) 



Then the decomposition (T©T*) C = L t @L t gives an almost generalized complex structure 
Jt whose eigenspaces are L t and L t , where note that L t is the complex conjugate of 
L t . Thus a family of section {s(t)} yields deformations of almost generalized complex 
structures {Jt}, where t is a parameter of the deformation. A family of section e(t) is 
given in the form of power series, 



If Jt is integrable, deformations Jt given by a family of smooth global sections e(t) of 
A°C(—D) © A 2 C(—D) is called K- deformations of generalized complex structures. The 
structures Jt are integrable if and only if the family of global sections e(t) satisfies the 
Maurer-Cartan equation, 



where [e(t),e(t)]s E T(X, A 3 £(— D)) denotes the Schouten bracket of e{t). The action of 
e e ^ on Vt gives a non-degenerate, pure spinor e £ ^ -VL which induces the almost generalized 
complex structure J t . It is crucial to solve the following equation, 



rather that the Maurer-Cartan equation. In fact we have, 

Proposition 2.3. If e{t) satisfies the equation de 6 ^ ■ Q = 0, then J t is integrable. 
Proof. The equation (12.31) is equivalent to the equation 



Let iiu-n+3 be the projection to the component U n+3 . Then from |13j . we have 



t 2 t 3 
e(t) =e 1 t + e 2 y+e 3 - + -- - . 



de(t) + ~[e{t),e(t)] s = 



de £{t) -Q = 0, 



(2.3) 



e -e(t) de e(t) .Q = Q 



(2.4) 




Then it follows that ds(t) + ^[e(t),e(t))s = on the complement X\D. Since e(t) is a 
smooth section on X, we have de{t) + Me(t),e(t)]s = on X. □ 
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Theorem 2.4. Let M = (X, J) be a compact Kahler manifold of dimension n. We 
denote by J the generalized complex structure given by J. We suppose that M has an 
effective, anti- canonical divisor D. Then for every smooth global section E\ of A 2 £(— -D) © 
A°£(— D) with de% - Q = 0, there is a family of smooth global sections e(t) of A 2 £(—D) © 
A°C(—D) such that J t defined by e(t) is an integrable generalized complex structure and 
■^f.s(t)\t=o = E\ , where t is a parameter of deformations which is sufficiently small. 

Proof of theorem 12.41 We shall construct a family of smooth global sections 

t 2 - - - - 

e(t) = e 1 t + e 2 ^+--- of A 2 £(-D)©A°£(-£>) for every section e x of A 2 £{-D)®A°£(-D) 

with ds\ ■ Q = which satisfies the following, 

de £{t) -Q = (2.7) 

We denote by (e^V, the i-th term of e 6 ^ in t. Since both e\ ■ and £7 are enclosed, 
we have (cfe^)^ • = (^e~ £ ^de £ ^) ^ = dei ■ £1 = 0. We shall construct e(t) by the 
induction on t. We assume that there already exists a set of sections £i, - • • of 
A 2 Z(-D) © A°C(-D) such that 

(de e(t) ■ Q) = 0, < for alH < k (2.8) 

The assumption (I2.8P is equivalent to the following, 

(e" eW d e £{t) ) - Q = 0, < for alH < k (2.9) 

Then k-th term is given by 

(e-^de<% ■ a = ■ Q = (de<% • Q (2.10) 

i+j=k 

It follows from (I2.5P that 

(e" e W de^) [k] ■ Q = (de(t)) [k] ■ fi+ \ ([e(t),s(t)) s ) [k] ■ Q (2.11) 

We denote by Ob^ the non-linear term ^ ([s(t), s(t)]s)\ k ] • ^- Since [e(t), s(t)]s is a section 
of A 3 L(-D) © A 1 L(-D), Ob fc is a section of E 2 = U~ n+3 © U~ n+1 . It follows from 
(12.1 Op that Obfc is a d-ex&ct differential form. Hence Ob^ defines the cohomology class 
[Obfc] G H 2 (E') of the complex (E',d). Since M is a Kahler manifold, we apply the 
<9<9-lemma to obtain the injective map p 2 from H 2 (E') to the direct sum of the de Rham 
cohomology groups. Since Ob^ is ci-exact, the image of the class p 2 ([Obfc]) = 0. Hence 
the class [Ob^] G H 2 (E*) vanishes, since the the map p 2 is injective. Then the Hodge 
decomposition of the complex (E*,d) shows that Ob^ = dd*G(Obk), where d* is the 
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formal adjoint and G is the Green operator of the complex (E*, d). Thus there is a unique 
section e k of A 2 T(-D) © A°L(-D) such that 

I £fe . = -d*G(Ob & ) G E 1 , 
k\ 

since A 2 L(-D)®A°L(-D) = E 1 = U~ n ®U~ n+2 . It follows that ^de k -Vl = -dd*G(Oh k ) = 
— Obfc. Then e k satisfies the equation (e~ 6< ^ de e w)„, = 0. Thus by the induction, we ob- 
tain the power series e(t) which satisfies the equation (12. 7p . As in (13] the power e(t) is a 
convergent series which is smooth. LTWe shall obtain unobstructed K-deformations, 

Theorem 2.5. Let M = (X, J) be a compact Kahler manifold of dimension n and we 
denote by J the generalized complex structure given by J. If M has an effective, anti- 
canonical divisor D, then M admits unobstructed K-deformations of generalized com- 
plex structures {Jt} starting with j7o = J which are parametrized by an open set of 
H 2 (L(-D)) = H n ' 2 © H n ~ 1 ' 1 © H n ~ 2 ' with the origin, that is, there is a family of smooth 
global sections e(t) of the sheaf A 2 C(—D) such that J t defined in 112. fy) is an integrable gen- 
eralized complex structure and ^e(t)\ t=0 = E\ for every representative E\ of H 2 (L(—D)) 
for small t, where t is a parameter of deformations. 

Proof. Let e% be a representative of the cohomology group H 2 (L(—D)). Then e\-fl is 
a smooth differential form with dsi-Q = 0. Then it follows from the <9<9-lemma that there is 
a function k\ of A°£(— D) which satisfies d(ei + Ki) - Q = 0. We put e\ = Si + Ki. Applying 
the theorem^! we obtain a section e{t) of A 2 C(-D) © A°C{-D) with de m - O = 0. The 
section e(t) is written as e(t) = e(t) + n(t), where e(t) G A 2 L(—D) and k G A°L(—D). 

Since Ad e e(*) = Ad e e(t), the section e(t) = E\t + — e 2 t 2 + ■ • • gives K-deformations as we 
want. □ 

By taking e(t) as a family of global sections of A 2 L(—D) H (T 1,0 © A 0,1 ), we have 
unobstructed deformations of usual complex structures J t which is given by the adjoint 
action Ad e e(t), where Ad e e(*) is a family of sections of GL(TX,C). Thus we obtain the 
following corollary, which is already obtained by Miyajima in the case of deformations of 
a normal isolated singularity |29j . 

Corollary 2.6. There is a family of deformations of complex structures {J t } starting 
with Jo = J which satisfies 

for every representative S\ of H l (M,Q(—D)) . 
Proof. We define a sheaf A r C(-D) SL by 

A r £(-D) SL (U) = {fa\fe I D (U), a G T 1,0 © A '^ 1 } 
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The sheaf A r £(-D) SL is the intersection A r C(-D) n (T 1,0 © A '''" 1 ) which is locally free. 
Then A r C{-D) SL is a sheaf of smooth sections of the vector bundle A r L(—D) Sh . As before, 
by the action on the meromorphic form O with a simple pole along the anti-canonical 
divisor D, we have the identification, 

A r L{-D) Sh = A 71 " 1 ' 7 - 1 

Then we have the complex (A*£(— -D) SL , d) which is isomorphic to the Dolbeault complex 
(A" -1 '*, d). We define vector bundles E' L by 

Eg L = A"" 1 ' , Eg L = A n '° © A™" 1 ' 1 

Eg L = A™' 1 © A 11 " 1,2 , Eg L = A n ' 2 © A"" 1 ' 3 , ■ • • 



Then we have the complex (E* L , d) with the cohomology group H*(E 



SLJ, 



n > T7>0 d , xpl d , Tp2 a v 

U ► ^SL > -^SI. > ^SL ► • ■ " 

Let Si be a representative of iJ 1 (M, G(— £))). Then ej is a smooth global section of 
A 2 C{— D) Sh with cfei ■ Q — 0. Then it follows from the <9<9-lemma that there is a section 
K\ of A°£(— D) with d(e\ + «i) ■ = 0. We put ei = £1 + «i. For such a section e\ of 
A 2 £(— Z?) SL © A°£(— D) with dei ■ Q = 0, we shall construct a family of sections e(t) of 
A 2 £(-D) SL © A°Z(-D) which satisfies 

where e(t) = £it + ^e~2t 2 + • • • ■ As in the proof of the theorem 12 A\ we have the obstruction 
(Obfc)s L which gives the class [(Obfc) sr J G H 2 (E SL ). It suffices to show that the class 
[(Obfc) SL ] vanishes. In fact, the (Obfc) SL G E 2 L is a d-exact differential form. It follows 
from the Hodge decomposition that the map p* L from H'(E Sh ) to the direct sum of the de 
Rham cohomology groups is injective. Since (Ob fc ) SL is d-exact, the image Pg L ([(Obfc) SL ]) 
vanishes. Thus the class [(Obfc) SL ] G H 2 (E SL ) vanishes also. Hence we have e(t) with 
de £ ^ ■ Q — 0. Let e(t) be the component of e(t) of A 2 C(— D) SL . Since Ad e e(t) = Ad eE ( t ), 
we have deformations of generalized complex structures Jt given by e(t). □ 

In the cases of Kahler surfaces, we obtain the following, 

Corollary 2.7. Let S be a compact Kahler surface with the complex structure J and 
a Kahler form u. If S has an effective, anti- canonical divisor [D] = —K$, then S admits 
unobstructed deformations of generalized complex structures parametrized by an open set 
of the full cohomology group H°(S) © H 2 (S) © H 4 (S) of even degree on S 

Proof of Corollary 12.71 Since — K s is effective, then we have the vanishing 
H 2 {S, Os) = H°{S, K s ) = H°{S, I D ) = {0}. Thus H 2 {S) H 1 ' 1 . Then the result follows 
from the theorem 12.41 □ 
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3 K- deformations of generalized complex structures 
in terms of CL 2 (-D) 



We denote by A r L(—D) the complex conjugate of the bundle A r L(—D). A section of 
A r L(-D) is locally written as Ja for / e I D and a e A r C. Let (a 2 L(-D) © A 2 L(-D)) R 
be the real part of the bundle A 2 L(-D) © A 2 L(-D), which is the subbundle of CL 2 . We 
define a bundle CL 2 (— D) by 

CL 2 (-D) := (A 2 L(-D) © A 2 L(-D)) R © A°L(-D) 

Lemma 3.1. For small deformations of almost generalized complex structures Jt given 
by a family of smooth global sections e{t) of A 2 L(— D) © A°L(— D) as in A2.fy) , there exists 
a unique family of global sections a(t) of the bundle CL 2 (—D) such that 

e e(t) . Q = e a(t) . Q 

that is, J t = Ad e a(t)J - 

Conversely if we have a family of deformations of almost generalized complex structure 
Jt = Ad e a(t)Jo which is given by the action of a family of global sections a(t) ofCL 2 (—D), 
then there exists a unique family of global sections e(t) of A 2 L(—D) © A°L(—D) such that 
Jt is given by the action of e(t) and e a ® ■ f2 = e £ ^ ■ £1. 

Proof. For a section e of A 2 L(-D)©A°L(-D), we have a unique a e T(X, CL 2 (-D)) 
such that e e ■ Q = e a ■ Q. Conversely, there is a unique section e of A 2 L(—D) © A°L(—D) 
such that e £ -VL = e a -VL for any section a of CL 2 (— D). Then applying the method in [T3] , 
we obtain the result. □ 

The operator e~ a (*) o d o e a( -^ acting on Kj = U~ n is already discussed in [12J which is 
a Clifford-Lie operator of order 3 whose image is in U~ n+1 © U~ n+3 . 

It is shown in [13] that the almost generalized complex structure J t = Ad e a( t )J is 
integrable if and only if the projection to the component [J~ n+3 vanishes, that is, 

7r^- n+ 3e-° (t) odoe a{t) -Q = 

In particular, e~ a ^ o d o e a ^ • Cl = implies that the J t is integrable. We denote by 
(e" a(i) o d o e a(t) ) [k] the k th term of e" a(t) odo e a(t) . 

Thus by the theorem 12.41 and the lemma 13.11 we have the following, 

Proposition 3.2. Let M = (X, J) be a compact Kdhler manifold with a Kahler form 
bj. We assume that M has an effective, anti- canonical divisor D. If there is a set of global 
sections ai, • • • , a k ^i of CL 2 (—D) which satisfies 

(e" a(t) de a{t) ) w -n = 0, < for all % < k, (3.1) 



12 



and \\a(t)\\ s <5< C\M(t), then there is a global section au of CL 2 (—D) which satisfies the 
k— 1 

fallowings: 

( e -a(t) de a{t) ) [k] -Q = 

and ||a(t)|| s « C\\M{t), where a(t) = YliLi \ a ^ % an d M(t) is the convergent series \7.3\ ) 

k 

in section 7 and C\ is a positive constant and \\a(t)\\ s denotes the Sobolev norm of a(t). 
(The proof of the inequality \\a(t) \\ s « CiXM(t) is already seen in [13], see proposition 

k 

1.1 and 1.4 in [15] for more detail). 

4 Deformations of generalized Kahler structures 

Let (X, J, u) be a compact Kahler manifold with an effective anti-canonical divisor D and 
(J Jf) the generalized Kahler structure induced from ( J, uj) by J = Jj and ip = e^^-^. 
Since two generalized complex structures J and are commutative, the generalized 
Kahler structure [J, J^) gives the simultaneous decomposition of (T © T*) , 

(T © T*f = L+ © Lj ®Lj © I~, 

where © is the eigenspace with eigenvalue y/—l with respect to J and Lj- © Lj 
is the eigenspace with eigenvalue a/^T with respect to and denotes the complex 
conjugate. In (T3J E], the author showed the stability theorem of generalized Kahler 
structures with one pure spinor, which implies that if there is a one dimensional analytic 
deformations of generalized complex structures {J7j} parametrized by t, then there exists 
a family of non-degenerate, d-closed pure spinor ijj t such that the family of pairs (Jt,ipt) 
becomes deformations of generalized Kahler structures starting from (J,ip) = (Jo,iJ)o). 
As in section 2, small K-deformations J t are given by the adjoint action of a family of 
sections a(t) of CL 2 (— D), 

Jt := Ad e a(t)j7o- 

Then we can obtain a family of real sections bit) of the bundle (Lj ■ Lj o © Lj ■ Lj q ) r 
such that ip t — e a ^e b ^i/jQ is a family of non-degenerate, (i-closed pure spinor. The bundle 
K 1 = U°~ n+2 is generated by the action of real sections of (Lj ■ Lj o © Lj Q ■ Lj o ) on ip 
(see page 125 in [TJ] for more detail). 

We define a family of sections Z[t) of CL 2 by 

e z(t) = e a(t) e b(t) _ 

Since Ad^^Jo = J , we obtain J t = Ad e „(t) Jo = Ad e «(t) Ad e 6(t) Jo = Ad e z( t ) J . Then the 
family of deformations of generalized Kahler structures is given by the action of e z( - t \ 

(Jt,ij t ) = (Ad e z (t) J , e z{t) -ij). 
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By the similar method as in [T3] together with the proposition ^. 2| we obtain the following 
proposition, 

Proposition 4.1. Let M = (X, J) be a compact Kahler manifold with a Kahler form 
to. We assume that M = (X, J) has an anti- canonical divisor D. If there is a set of 
sections a l5 • • ■ ak-i of CL 2 (—D) which satisfies 

(e- a(t) de a{t) ) [fl • Q = 0, < for all % < k, 

and ||o(t)|| s « KiM(t) for a positive constant K\, then there is a set of real sections 

k—1 

bi, • ■ ■ ,bk of the bundle (Lj Q ■ Lj o © L Jo ■ Lj o ) which satisfies the following equations: 

(e-^>^%.fi = (4.1) 
(de m ■ V> ) [fl = 0, for aJl « < Jfc (4.2) 
\\a(t)\\ s « K^Mit) (4.3) 

k 

||6(f) II. << K 2 M(t) (4.4) 

k 

where at is the section constructed in the proposition Iff. ,21 and e z ^ = e a( ^ e b ^ and M(t) 
is the convergent series in the proposition \3.2\ and a positive constant K 2 is determined 
by A and K\. The constant A in M(t) is sufficiently small which will be suitably selected 
to show the convergence of the power series Z(t) as in JTl 



5 Deformations of bihermitian structures 

There is a one to one correspondence between generalized Kahler structures and biher- 
mitian structures with the condition ( 11.11) [16] . In this section we shall give an explicit 
description of Tf which gives rise to deformations of bihermitian structures ( J t + , J t ~) cor- 
responding to deformations of generalized Kahler structures with one pure spinor (Jt, ip t ) 
in section 4. The correspondence is defined at each point on a manifold. The non- 
degenerate, pure spinor if) t induces the generalized complex structure J^ t . Since (J t) Jf t ) 
is a generalized Kahler structure and J t commutes with J^ t , we have the simultaneous 
decomposition of (T © T*) c into four eigenspaces as before, 

(T©T*) C = L+ ®L Jt ®Lf t ®Lj t , 

where each eigenspace is given by the intersection of eigenspaces of both J t and J~^ t , 

Lj t = Lj t n L^ t , L Jt = L Jt n L^ t 
L Jt = L Jt n Lfa , L Jt = L Jt n L^ t , 
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where Lj t is the eigenspace of J t with eigenvalue y^T and L^ t denotes the eigenspace 
of J^ t with eigenvalue v^T. Since J t = Ad e z(t) (J ) = Ad e z(t) o J Q o Ad e -z(i) and j7~</, t = 
Ad e z(t) we have the isomorphism between eigenspaces, 



Ad c z W : Lj o ->■ L± . 

Let 7T be the projection from T © T* to the tangent bundle T. We restrict the map n to 
the eigenspace which yields the map : Lj t — >■ T c . Let Tjf be the complex tangent 

space of type (1,0) with respect to jf. Then it follows that T\± is given by the image of 

± 

Since deformations of generalized Kahler structures are given by the action of e z ^\ the 
ones of bihermitian structures jf should be described by the action of Tf of the bundle 
GL(T) which is obtained from Z(t). We shall describe Tf in terms of a(t) and &(£). A 
local basis of Lj o is given by 

{Ad e± ^V t = V t ± y/=l[u>, Vi\ }? =1 , 

for a local basis {V^}" =1 of Tj'°, where we regard oo as an element of the Clifford algebra 
and then the bracket [ou, V$] coincides with the interior product iy^. It follows that the 
inverse map (tt^) -1 : — > L^ Q is given by the adjoint action of e ±v/3TtJ , 

Ad e± ^. = (4)- 1 . (5.1) 

We define a map (Tf ) 1 - : T]'° ->■ by the composition, 

(If) 1 ' = 7T± o Ad e z W o (Ttf)- 1 (5.2) 
=7r o Ad e z(t) o Ad e±v ^r„ (5.3) 



4„ 



Ad 



Z(t) 



T 



1,0 



(Tf) 1 ' 



T 



Together with the complex conjugate (r 



which satisfies jf = (Tf) 1 o J oTf. 



1,0 



T 



■0,1 



we obtain the map r^ 1 



Let J* be the complex structure on the cotangent space T* which is given by ( J*rj, v) = 
(tj, Jv), where rj G T* and v G T and ( , ) denote the coupling between T and T*. We 
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define a map J ± : T © T* ->■ T © T* by J^v, 77) = v T J*V for u G T and 77 e T*. Then 
is written as 



Ff =n o Ad e z (i) 0^0 Ad e - (5.4) 
=tt o Ad e a( ( ) o Ad eb(t) 0^0 Ad e - e End(T), (5.5) 



where note that ^ o Ad e ^ (Tj'°) = L^ Q . The th term of Tf is denoted by (Tf )[ k ] as 
before. Note that (rf ) [0] =id T . We also put T± (a(t) , b(t)) = Tf. 



Lemma 5.1. The k th term {Vf)[h\ is given by 

(Xt)[k] = ^ vr o (ad afc + ad 6 J 0^0 Ad e - + Tf(a <k , b <k ) 

where the second term Tf(a <k , b <k ) depends only on a±, ■ ■ ■ , a k _i and b±, • • • , b k -i- 
Proof. Substituting the identity Ad e z( t ) =id+ad^( t ) + ^(ad^)) 2 + • • • , we have 

Ff =tt o Adezw 0^0 Ad e c (5.6) 
=tt o ^2 Tj ad z(t) 0^0 Ad e <^j (5.7) 

(5.8) 

Then k-th term is given by 

(If) [k] =n o (ad z(t) o J± o Ad e .) + 7T o Q(ad* z(t) o J± o Ad e ^ (5.9) 
=^j7r (ad afc + ad fe J o J* o Ad e ^ + Tf(a <k , b <k ), (5.10) 

where Tf(a <k , b <k ) denotes the non-linear term depending a±, • ■ • , a k _\ and 61, • • • , fe^-i- 

□ 

LEMMA 5.2. Lei b be a section of the bundle (Lj ■ © L j ■ Lj). Then we have 

[no Ad e „ o J^Ade., J] = G End(T). 

Proof. For simplicity, we write L 1 * 1 for Lj. Note that [71 o j^ 1 o Ad e ^, J] = [idy, </] = 
and Ad e b = id + ad& + ^(ad;,) 2 + • • • . We also recall the image o Ad e ^(Tj'°) = 
(7rJ) _1 (Tj' ) = Lj. Since b is a section L + ■ L~ ® L + ■ L , the image (ad&) n (L ) is given 
by 

(adft) n (L ) = L , (n : even) 
(adft)"^) = L T , (n : odd) 
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Since tt(L ) = T}'°, we have 7ro(ad 6 ) n o J ± oAd e .(T]'°) = T]'°. Thus 7ro(ad 6 ) n o J^Ad^ G 
End (T) preserves Tj'°. Hence we have 

[7ro(ad & )"o J^Ade., J] = 0. 

Then the result follows. □ 

The tensor space T © T* defines a subbundle of CL 2 . We denote it by T • T*. An 
element 7 e T • T* gives the endmorphism ad 7 by ad 7 i? = [7, £"] for E G T © T*, which 
preserves the tangent bundle T and the cotangent bundle T* respectively. We also regard 
ad 7 as a section of End(T). 

Lemma 5.3. Let 7 be an element ofT-T*. Then we have 

71 o (ad 7 o J* o Ad e -) = ad 7 G End(T). 

Proof. For a tangent vector t> G T, we have Ad e wi> = w + [w, i>] = v + ad w t>. Since 
the map ad 7 preserves the cotangent T*, we have ad 7 0^0 ad w (t>) G T* for all tangent 
v G T. Thus it follows that 7r(ad 7 o^o ad w ) = 0, since n is the projection to the tangent 
T. Thus we obtain the result. □ 

LEMMA 5.4. We assume that there is a set of sections a 1; • • • , ofCL 2 (—D) and real 
sections b±, ■ ■ ■ ,bk of (Lj q ■ Lj Q © L Jq ■ Lj q ) which satisfies the following equations, 

(e- z{t) de z(t) ) {i] -Q = 0, 0<\/i<k 
(de m ■ rj} ) = 0, 0<Vi<k 
[(r±) w , J]=0, 0<V*<fc 



JTien £/ie term (Tf )[&] satisfies 

TTu-n+ald, (Vf)[k]] = 0, 

where [d, (Tf)[k]] is an operator from U~ n = Kj to U~ n+l © U~ n + 3 and Tiu-^+z denotes 
the projection to the component U~ n+3 . 

Proof. Since the obstructions to X-deformations of generalized complex structures 
vanishes, we obtain a family of section d(t) with dj = for i = 1, • • -k such that d(t) 
gives iT-deformations of generalized complex structures, that is, 

nu-n+se-^de*® ■ SI = 0. 
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The the stability theorem of generalized Kahler structures in [13] provides deformations 
of generalized Kahler structures with one pure spinor: 

(Ad e z (t) Jo, e^Vo), 

where e z ^ = e a ^e b ^', where b(i) is a family of real sections with 6, = bi, for i = 
1, ■ • • , k. From the correspondence between generalized Kahler structures and bihermitian 
structures, we have the family of bihermitian structures ( J 4 + , J t ~) which is given by the 
action of Tf := Tf(a(t),b(t)) of GL(T). Since Jf is integrable, we have 

TTu-n+3 ((ff^dff) = 0. (5.11) 

Let Q be a (i-closed meromorphic form of type (n, 0) with a simple pole along D as before. 
Then we have 

dTftt = TfE(t)tt. 

k 

Since dil = 0, the degree of E(t) is greater than or equal to 1. The condition [(Vf )[j], J] = 
(0 < i < k) implies that (r t ± ) H E(t)fi G Uj n+1 . Thus we have 

i+j=k 
0<i,j<k 

Hence we have iru-n+3 [d, (Tf )[&]] = 0. □ 

Lemma 5.5. For a section a of GL 2 (—D) and every section P of End (T©T*) ; we 
define a section £ ofT-T* by 

ad^ = [*7r o ad a o P\ T) J] 

TTien C, is a section of CL 2 (—D), where P\t '■ T — » T © T* denotes the restriction to the 
tangent bundle T . 

Proof. As in section2, we have 

A 2 L(-D) = (A ' 2 © [-£>]) © (T 1 ' © A ' 1 © © (T 2 '° © [-£>]), 

Thus a section e G A 2 L(-D) gives tt o ad £ (£) G T lfl (-D) for all £ G T © T*. Since 
CL 2 (-L>) = (A 2 L(-D) © A 2 L(-D)f © A°L{-D), we have vr o ad a (£) G T lfi (-D) © 
T°^(-D) for all £ G TffiT*. Hence 7road a oP| r is a section of (T^f-D) © T°' 1 (-D))©A 1 . 
Taking the bracket, it turns out that [n o ad a o P\ Tl J] is a section of (T 1,0 (— D) © A 0,1 ) © 
(T 0,1 (— £)) © A 1>0 ) which is the subbundle A 2 T(-D) © A 2 L(-D). Thus C is a real section 
of A 2 L{-D) © A 2 L{-D) C CL 2 (-£>). □ 
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Lemma 5.6. We define a section (k ofT- T* by 

Bd Ck = [(T+) w , J] G End (T) 

for a section a(t) ofCL 2 (—D) andb(t) G (Lj-Lj®Lj-Lj), where (Tf)^] := r + (a(t), &(£))[&]. 
TTien Cit a section of CL 2 (—D). Further we define 7^ by 

Then 7^ G T • T* is also a section ofCL 2 (—D) which satisfies 

ad (ft + [ad 7fc , J] = 0. 

Proof. From the description in (15.41) . 

r+ =tt o Ad e0( t) o Ad eHt) o J + o Ad eW (5.12) 
=tt o (Ad e „ (t ) - id) o Q + 7T o g (5.13) 

where Q := Ad e 6(t) o j+o Ad e ^. 

From the lemma 15721 we have [n o Q, J] = 0. Thus we have 

[r+ J] = [7ro(Ad ea(t) -id)oQ| T , J] 

Since we have Ad e «(i) — id = ad a ( t ) o R, where R = ~ a( ^a{t) ■ ^ we set P = P o Q, we 
have 

[r^, J] = [vr o ad ( t ) o P| T , J] 

Then it follows from the lemma [5751 that (k is a section of CL 2 (-D). We decompose ad^ fe 
by 

ad Cfc = (ad Cfc )' + (ad c J", 

where (ad ffc )' G T 1,0 (— P>) <g> A 0,1 and (ad c J" G T '\-D) ® A 1 ' . Then the bracket is given 
by [ad^ fe , J] = — 2^— T(ad^)' + 2^— T(ad < j fc ) // G CL 2 (— £)). Thus 7^ is also a section of 
CL 2 (— D) which satisfies 

ad Cfc + [ad 7fc , J] = 0. 

□ 

Lemma 5.7. Let Tf be a section of GL(T) given in the lemma \5^4 and (k and 7^ be 
as in the lemma \57b\ Then there is a global function pk of A°£(— D) such that 

d'y,. ■ ft = d(p k ft), 
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Proof. The condition 7Tu-n+3[d, (Xt)[k] \ = in the lemma l5~4l implies that (dTf)\u\ ■ 
Q G U~ n+1 . Thus we have that d^k ■ ^ G U~ n+l . Since ad 7fc is a section of GL(T), we see 
that d'jk ■ is a rf-exact form of type (n, 1). Then applying the <9<9-lemma, it turns out 
that G?7fc • = (ipfcfi for a smooth function p&. Since p^fi is smooth, we have pk is a global 
function of A°C(-D). □ 



6 Bihermitian structures on compact Kahler surfaces 

Let S be a compact Kahler surface with a Kahler form u with an anti-canonical divisor 
D. The divisor D is given as the zero locus of a section G H°(S, K' 1 ) = H°(S, A 2 0). 
Then the section /? is also regarded as a section of H°(S, A 2 Q(—D)) which is a holomorphic 
Poisson structure vanishing along the divisor D. The contraction /3 ■ u of j3 by u is defined 
by the commutator w] which is a enclosed T 1,0 -valued form of type (0, 1). Let Q be the 
meromorphic 2-form on S with a pole along the divisor D with /3 ■ Q = 1. Then we have 

since w ■ f2 = 0. Thus /3 • u is a section of T 1,0 (— D) © A 0,1 which gives the class [/3 • co] G 

Then applying unobstructed deformations in the theorem 12 .41 we obtain the following, 

Theorem 6.1. Let S be a compact Kahler surface with complex structure J and Kahler 
form u. We denote by g the Kahler metric on the Kahler surface (S, J,oj). If there is a 
non-zero holomorphic Poisson structure j3 on S, then the surface S admits deformations 
of bihermitian structures (J, Jf, h t ) which satisfies Jq = J , h Q = g and 

j t J t -\ t=0 = -2((3-u + p-u), (6.1) 

where j3-u is the d closed T 1,0 '-valued forms of type (0, 1) which gives the Kodaira- Spencer 
class — 2[/3 ■ u] G i^ 1 (*S', 9) of the deformations { Jf}. In particular, if the class [j3 ■ cu] G 
if 1 (5,0) does not vanish, then (J,Jf,h t ) is a distinct bihermitian structure for small 
t ^ 0. 

Proof. For a family of sections a(t) of CL 2 (— D) and real sections b(t) of [Lj ■ Lj © 
Lj ■ Lj) R , we define a family of section Z{t) of CL 2 by e z ^ = e a ^ e 6 ^, where we denote 
by (Lj ■ Lj © Lj ■ Lj) R the real subbundle of the bundle (Lj ■ Lj © Lj ■ Lj). Since 
b(t) ■ Q = 0, we have 

de m ■ Q = de a(t) e m ■ Q = de a(t) ■ Q 
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Then since a(t) is a section of CL 2 (— D), it turns out that de z ^ ■ Vl is a smooth differ- 
ential form on S. The action of Z(t) £ CL 2 gives rise to almost bihermitian structures 
(J t + , Jf, h t ) with Jq = J and ho = g. 

We shall construct a(t) and b(t) which satisfy the following three equations, 

de z{t) -O = (6.2) 
de z ® • V = (6.3) 
J+ = J, (6.4) 

As in section 5, the structure Jf is described by the adjoint action of a section Tf = 
r ± (a(t),6(t)) gGL(T). Then the equation J+ = J is equivalent to [Tf, J] = [T(a(t),b(t)), J] 
0. We denote by (de Z( ^)^ the i-th term of (de z W) in £ and (r/ - )^ is also the i-th term of 
(r+) in t. Thus the three equations are reduced to the following equations for all integer 
i > 0: 

(de z ^) [}] -n = (6.5) 
(de z «) M .^ = (6.6) 
[(r+) H ,J] = 0. (6.7) 

We shall construct our solutions by the induction on t. 

At first, we set d\ := ft + ft. Then the proposition 14.11 yields a real section b\ £ 
Lj ■ Lj © Lj ■ Lj ) such that 

d(ai + 6i) -fi = d/3 -fi = (6.8) 
d(ai + Si) • V = 0, (6.9) 

where we set ft ■ Q = 1. We denote by T + (d\, Si) the first term (r^)[i] in t for di, b\. Then 
from the lemma I5.1[ we have 

r + (dx, Si) = 7T o ((ad dl + ad g J o J+ o Ad eW ) (6.10) 



As in the lemma 15.61 we define 71 £ T • T* and ad^ by 



ad Cl := [r+(di,Si), J] (6.11) 
ad 7i : = ( 2x /3T) 2 t adci ' J 1 <yQ12 ^ 



Then it follows from the lemma [5761 that 7! is a section of CL 2 (— D) and we have 

(2 



[ad 7l , J] + [ T + (di, Si), J ] = i_ [[ad Cl , J], J] + ad Cl =0 (6.13) 
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From the lemma 15. 7\ we have dj\ ■ Q = —dpiQ, where p\ is a function with piQ is a 
smooth form, that is, p\ is a section of A°C(—D). Then we define ai by 

«i = «i + 7i + Pi (6-14) 

Then we have da±Q = 0. Then applying the proposition 14.11 again, we have a section b\ 
of (L + • L~ © L + ■ L ) R such that d(a\ + b\) ■ ip = 0. From the lemma I5TT1 and the lemma 
I5.3[ we have 

r + (ai, b\) =ii o (ada x + ad^ + ad 7l ) o J + o Ad e ^ (6.15) 
=7r o (ada t + ad 6l ) o J + o Ad e ^ + ad 71 (6.16) 

From the lemma 15.2} we have 

[tt o ad{, 1 o J + o Ad e ^ , J] = [7r o adg i o J + o Ad e ^ , J] = 
Then it follows from ( 16. 13f) that 

[ r + K h), J ] =[ r + (a 1; 60, J ] + [ad 7l , J] = 0, (6.17) 

Thus we obtain 

d(a 1 + b 1 )-n = (6.18) 
d(ai + 6 X ) • -0 = (6.19) 
[r + ( ai ,6i), J] = (6.20) 

Next we assume that there is a set of sections ai, • • • , a^-i of CL 2 (— D) and sections 
, of (Lj • Lj(B Lj- Lj) R such that 

(de*«) w .n = (6.21) 
(de z W) H -^ = (6.22) 
[T + (a(t),b(t)) [q ,J] =0, (6.23) 

for all < i < k, where (de z ^)^ denotes the z'-th term of (de z ^) in t and T + (a(t), b(t))[i] 

^ t j IjPi t j 

is the z-th term of T + (a(t), b(t)) for a(t) = — a j-> b(t) = —fy. Then the proposition 

3=1 J ' 3=1 J ' 

14.11 yields a section d^ of CL 2 (— D) and a section b^ of [Lj ■ Vj © Lj ■ Lj) R such that 

[de z{t) ■ rij ^ = (de d{t) ■ n) [k] = 0, (6.24) 
(de z{t) -ip) =0 (6.25) 
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where Z(t) is a section of CL 2 given by e z ^ = e a ^ e b ^ and 

j-j ±k ^ ft 

a(t) = + ya k , b(t) = + 

3=1 ' i =1 

Then for the section T + (a{t), b(t)) of GL(T), as in the lemma [5761 we define j k G T • T* 
and ad^ fc by 

ad Cfc := [r + (a(t),6(*)) [fc] , J] (6.26) 
—A;' 

Then from the lemma |576| we see that 7^ is a section of CL 2 (— D) and we have 

i[ad 7fc ,J] + [r + (a(t),6(t)) [fc] , J] =0 (6.28) 

The lemma [5771 shows that dj k • ^ = — ^Pfc • for a global function of A°£(— D). We 
define a fe G CL 2 (-£>) by 

Ofc := a k + lk + Pk (6.29) 

Then we have 

(de a ^) [k] n = {de & ®) [k] ■ n + d( lk + p k )-Q = 0. 

Applying the proposition 14.11 again, we have a section b k of ( Lj ■ Lj © L j ■ Lj ) with 
(de z ® ■ ip) [k] = 0, where Z(t) = log (e°® e 6 W). As in lemmaEIJ (r+) [fc] = T + {a{t),b(t)) [k] 
satisfies the following, 

[T + (o(t) J 6(t)) [fc]j J]=^[7ro(ad OJk +ad 6 JoJ ± oAd e u, J J] + [ff (a< fc , &<*), J] (6.30) 
Substituting (16.291) into (16.301) and using lemma 15.21 and lemma 15.31 we have 

[r + (a(t), &(*))[*], J] =jgk ( ad a fe + ad 7fe ) 0^0 Ad e *, J] + [T^(a <k , b <k ), J] 

1 ~ 1 

= — [7roada fe o J o Ad e -, J] + [r^(a <fc , & <fe ), J] + — [ad 7fc , J] 

From lemma 15.11 and lemma 15.21 we also have 

[T + (a(t),b(t))[k], A =^[vroad afc o J± o Ad e „, J] + [ff (a <fc , 6 <fe ), J] (6.31) 



Thus from (l6.28l) we obtain 

fc! 



[r+(o(t),6(t)) [fc] , J] = y^[ad 7fe , J] + [r + (a(t),&(t)) [fe] , J] =0, (6.32) 
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where a(t) = X^=i J\ a i an< ^ = ^2j=i f[V Thus Z(t) satisfies the equations, 

(de z ®) [k] -n = (6.33) 
(de z ^) [k] -^ = (6.34) 
[T(a(t),b(t)) [k] ,j] =0, (6.35) 

In section 6, we shall show that the formal power series Z(t) is a convergent series which 
is smooth. Then the sections a(t) and b(t) give deformations of bihermitian structures 
(J 4 + , Jf , h t ). Finally we shall show that the family of deformations satisfies the equation 
(16. ip in the theorem 16.11 We already have [Tf, J] = which implies that = J. From 
the lemma 15.11 and the lemma 15.21 the 1st term of Jf is given by 

[(17) p.], J] =[vr o (adfti + ad 7l + adgj o j~ o Ad e u), J] 
= [(ad 7l + 7r o ada x oTo Ad e ^), J] 

Since &i = /? + /?, we have 7r o ada x |t = 0. We also have 

[ad 71 , J] = [(it o ad 7l o J* o ad w ), J] = — [r + (ai, &i), J]. 

Thus we obtain 

[07) [x], J] = 2[(tt o ad &1 o J* o ad^), J] 
Then we have for a vector v, 

2(tt o ad ai o J* o ad w )v = - 2 [/? + /3, [cu, Jv) ] 

= -2[\p + P, u], Jv] = -2(l3-uj + p-uj)Jv. 

Thus it follows that ^Jf\ t=0 = [07) [i] 5 J] = — 2(/3 ■ u + j3 • u) and the Kodaira-Spencer 
class of deformations {Jf} is given by the class -2[/3 • u] G H l (M.Q). If the class 
[P ■ oj] G i/ 1 (M.G) does not vanish, then the deformations {Jf} is not trivial. Thus 
(X, Jf) is not biholomorphic to (X, J) for small t ^ 0. 

Hence we have the result. □ 

Theorem 6.2. A compact Kahler surface admits non-trivial bihermitian structure with 
the torsion condition and the same orientation if and only if S has nonzero holomorphic 
Poisson structure. 

Proof. It is already shown in [3J, [IB] that a non-trivial bihermitian structure with 
the torsion condition and the same orientation carries a non-zero holomorphic Poisson 
structure. It follows from the theorem 16.11 that if a compact Kahler surface S has a non- 
zero holomorphic Poisson structure, then S admits a nontrivial bihermitian structure. 
Thus the result follows. □ 
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7 The convergence 



In order to show the convergence of the power series in section 6, we apply the similar 
method in [IB], [32]. We also use the same notation as in [22]. Let P(t) = ^2 k Pkt k be 
a power series in t whose coefficients are sections of a vector bundle on a Riemannian 
manifold. We denote by ||.Pfc||s the Sobolev norm of the section P k which is given by the 
sum of the L 2 -norms of i th derivative of Pk for all i < s, where s is a positive integer 
with s > 2n + 1. We put ||P(t)|| s = J2k \\Pk\\ s t k - Given two power series P(t),Q(t), if 
ll-ffcll < \\Qk\\ f° r & H k, then we denote it by 

P{t) « Q(t). 

For a positive integer k, if ||Pj|| < for all z < k, we write it by 

P(t) « Q(t). 

k 

We also use the following notation. If Pj = Qi for all i < k, we write it by 

P(t) = Q(t). (7.1) 
Let M(t) be a convergent power series defined by 

M W = E^r-r = ;>>^' ( 7 - 2 ) 

L — ' loc v A L — 4 

v=\ v=\ 

for a positive constant c, which is determined later suitably. The key point is the following 
inequality, 

Mitf « -M(t) (7.3) 

c 

We put A = c _1 . Then we also have 

e m) « I e A M(t). (7.4) 
A 

We will take A sufficiently small which will be determined later. (Note that A gives a 
change of parameter t by constant multiplication.) 

As in the proposition 14.11 if there is a set of sections ai, ■ ■ ■ a^i of CL 2 which satisfies 

7rt/ _„ +3 ( e - a{t) de a{t) ) = 0, for all % < k, 

and \\a(t) \\ s «k-i KiM(t), then there is a set of real sections b\, ■ • • , b k G (Lj ■ Lj @Lj- 
Lj) which satisfy the following equations: 

ttu-u+b {e~ z{t) de m ) [k] = (7.5) 

(de m ■ tfj ) = 0, for aU i < k (7.6) 

^\\a k \\ s < K^Mk (7.7) 

h\h\\ s < K 2 M k (7.8) 
k\ 
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where a k is the section in the proposition 13.21 and M(t) is the convergent series in (17. 3p 
with a constant A. Note that K% is a positive constant and a positive constant K 2 is 
determined by A, K\. We also have an estimate of e Z( ^ = e°"e^ in |13j . 

||Z(t)|| « fc M(t). 

Then j k in the lemma 15.61 satisfies 

117*11* <ll r fc ( a <k,a k ,b <kl b k )\\ s (7.9) 
<2\\a k \\ s + 2fb k \\ s + \\T+(a <k ,b <k )\\ s (7.10) 

Recall that = n ^Ad e z(t) o j + o Ad e ^j. Then we have an estimate of the non-linear 
term \\T^(a <k , b <k ) \\ s 

||f£(a<*,&< fc )ll- < CH(e ZW " Z(t) - l) [k] \\ s , 

where C denotes a constant. It follows from (El) that ||(e z(t) - Z{t) - l)[fc]|| a < C(X)M k , 
where C(A) satisfies lim A _ s>0 C(A) = 0. Thus we have 

^jll7fc||- < \ (l|ofc||. + |fe|| s ) + C(A)M fc < 2AK 1 M fc + 2K 2 M fc + C{\)M k . 

By using the Hodge decomposition and the Green operator We also have a unique global 
function p k of A°£(— D) which satisfies the followings, 

dp k fl = — c?7fc • Q (7-H) 
\\Pk\\s < Ci||7fclU (7.12) 

where G\ is a constant. Then we obtain 

1 1 1 1 

<Tj||a fe || s + — (1 + Ci)||7 fe || s 



<\K x M k + 2(1 + C^){\K x M k + K 2 M fc + C(A)M, 



We take A and K 2 sufficiently small such that \K x M k + 2(1 + C x ){\K x M k + K 2 M k + 
C(A)M fc ) < KiM k . Then we obtain 

Tjll a fc||s < 7j ll^fells + I(llTfc||s < K x M k . 

Thus our solution a(t) satisfies that ||a(t)|| s « k KiM(t) for all k by the induction. It 
implies that a(t) is a convergent series. Applying the proposition 14.11 again, we have 
\\b(t) \\s <k K 2 M(t). Hence b(t) is also a convergent series. Thus it follows that Z(t) is a 
convergent series. 
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8 Applications 



8.1 Bihermitian structures on del Pezzo surfaces 

A del Pezzo surface is by definition a smooth algebraic surface with ample anti-canonical 
line bundle. A classification of del Pezzo surfaces are well known, they are CP 1 x CP 1 
or CP 2 or a surface S n which is the blow-up of CP 2 at n points Pi, • • • , P n , (0 < n < 8). 
The set of the points S := {Pi, • • • , P n } must be in general position to yield a del Pezzo 
surface. The following theorem is due to Demazure, [6] (see page 27), which shows the 
meaning of general position, 

Theorem 8.1. The following conditions are equivalent: 

(1) The anti- canonical line bundle of S n is ample 

(2) No three ofH lie on a line, no six o/E lie on a conic and no eight o/S lie on a cubic 
with a double point Pi e S 

(3) There is no curve C on S n with —K$ n ■ C < 0. 

(4) There is no curve C with C ■ C = —2 and K$ n ■ C = 0. 

Remark 8.2. If three points lie on a line I, then the strict transform I of / in S3 is 
a (— 2)-curve with Ks s -1 = 0. If six points belong to a conic curve C, then the strict 
transform form C of C is again a (— 2)-curve with Ks e ■ C = 0. If eight points Pi ■ • • , P$ 
lie on a cubic curve with a double point Pi, then the strict transform C of C satisfies 
C ~ 7r _1 C — 2Pi — E<2 — ■ ■ ■ — E 8 , where Pj is the exceptional curve 7r _1 (Pj). Then we 
also have C 2 = —2 and Ks s ■ C — 0. 

Let D be a smooth anti-canonical divisor of S n which is given by the zero locus of a 
section (3 6 H°(S n , Kg ). Since the anti-canonical bundle Kg is regarded as the bundle 
of 2-vectors A 2 6 and [/3,/3] s = G A 3 9 on S n , every section (5 is a holomorphic Poisson 
structure. On S n , we have the followings, 

2n-8 (n = 5,6,7,8) 
(n < 5) 

dim P^S^fT 1 ) = 10 -n 
and 

H^Sn) = l + n. 

Further we have H 2 (S n ,Q) = {0}, H 1 (S n ,A 2 &) ^ H l (S n , —Ks n ) = {0}. Hence 
the obstruction vanishes and we have deformations of generalized complex structures 
parametrized by H°(S n , K^) © H\S n , 6). 

In particular, if n > 5, we have deformations of ordinary complex structures on S n 



dim H\S n ,Q) 
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Proposition 8.3. Let D be a smooth anti- canonical divisor given by the zero locus of 
(5 as above. Then there is a Kaher form uj with the class [f3 ■ u] 7^ G H 1 (S n , G). 

We also have H^CP 1 x CP 1 , 0) = and H^CP 1 x CP 1 , —K) = 0. 
Thus we can apply our construction to every del Pezzo surface. From the main theorem 
together with the proposition I8.3[ we have 

Proposition 8.4. Every del Pezzo surface admits deformations of bihermitian struc- 
tures (J, Jf , h t ) with Jq = J which satisfies 

j t J t -\ t=0 = -2((3-u + ]3-u), (8.1) 

for every Kdhler form u and every holomorphic Poisson structure f3. Further, a del Pezzo 
surface S n (n > 5) admits distinct bihermitian structures (J,Jf,h t ), that is, the complex 
manifold (X, J 4 ~) is not biholomorphic to (X, J) for small t ^ 0. 

Note that for small t ^ 0, Jf ^ ±J. We will give a proof of the proposition 18.31 in the 
rest of this subsection. 

Let Ne> is the normal bundle to D in S n and i*T$ n the pull back of the tangent bundle 
T Sn of S n by the inclusion % : D — >■ S n . Then we have the short exact sequence, 

-> T D -> i*T Sn ^N D ^0 

and we have the long exact sequence 

-+H°(D, T D ) -> H°(D, i*T Sn ) -»• H°(D, N D ) A H l (D, T D ) ->• • • • 



Since the line bundle N D is positive, /^(D, iVo) = {0} and dim H°(D, N D ) is equal to 
the intersection number D ■ D = 9 — n by the Riemann-Roch theorem. Since D is an 
elliptic curve, dimH 1 (D, Td) = dimH°(D,Tr)) = 1. Hence if follows that 

9 - n < dim H°(D,i*T Sn ) < 10 - n. (8.2) 

Let Xo be the ideal sheaf of D and Od the structure sheaf of D. Then we have the short 
exact sequence 

By the tensor product, we also have 

-> X <g> T Sn T s „ -> i.O D <g> T 5 „ (8.3) 
Then from the projection formula we have 
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for p = 0, 1, 2. From (18. 3p . we have the long exact sequence, 

H°(S n ,T Sn ) -+ H°(D,t*T Sn ) -> F 1 ^,^ ® T Sn ) 4 H\S n ,T Sn ) -+ ■ ■ ■ (8.4) 
Hence we obtain 

Lemma 8.5. The map j : H l (S n ,lD ® Tg n ) — > H 1 (S n ,Ts n ) is not the zero map . 

Proof. We have the exact sequence, 

• • • ^ H°(D, i*T Sn ) -> H\S n ,l D ® r 5 J 4 F 1 ^, T 5 J (8.5) 

From the Serre duality with 1 D = K Sn , we have H°{S n ,I D ® T Sn ) = H 2 (S n ,n l s J = {0} 
and H 2 (S n ,Trj®Ts n ) = F^S^, fi 1 ) = 0. From the Riemann-Roch theorem, dim F-^S^Zd® 
Ts n ) — n + 1. Then it follows from (18. 2p that 

dimF°(D,fT 5 J <dimF 1 (^,X D ®T 5 J 

Note 10 — n < n + 1 for all n > 5. Hence the map j is non zero. □ 

Remark 8.6. Since n > 5, we have H°(S n ,T Sn ) = {0}. Applying the Serre duality 
with Ks n = Id, we have H 2 (S n ,Ts n ) = H°(S n ,lD ® fi 1 ) = 0. From the Riemann-Roch, 
we obtain dim F^S^, T Sn ) = 2n — 8. 

Let (3 be a non-zero holomorphic Poisson structure (5 n with the smooth divisor D 
as the zero locus. Then (3 is regarded as a section of Id ® A 2 ©. Thus the section 
f3 G H°(S n ,lD ® A 2 6) gives an identification, 

ft 1 = Z D ®T Sn . 

Then the identification induces the isomorphism 

Let j be the map in the lemma 1531 Then we have the composite map j 'o/3 : F 1 (S n , Q 1 ) — > 
H^Sn, 6) which is given by the class [/3 • u] E H 1 (S n , T Sn ) for [u] G H 1 (S n , fi 1 ). 

Proposition 8.7. The composite map j o /3 : F 1 ^,!} 1 ) -> F 1 (5 n ,Ts n ) no£ i/ie 
zero map. 

Proof. Since the map /3 is an isomorphism, is not zero. It follows from lemma 
18.51 that the map j is non- zero. Hence the composite map j o /3 is non-zero also. □ 
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Proof, of lemma 18.31 The set of Kahler class is an open cone in H 1,1 (S n , M.) = 
H 2 (SJt). We have the non-zero map j o p : H 2 (S n ,C) = H^S^Q 1 ) -> H\S n ,0) 
for each (3 e H®(S n ,K- 1 ) with = 0} = D. It follows that the kernel j o (3 is a 
closed subspace and the intersection ker(j o p) n i? 2 (S' n ,lR) is closed in H 2 (S n ,M.) whose 
dimension is strictly less than dim H 2 (S n , R). Thus the complement in the Kahler cone 

{[w] : Kahler class | j o ^ 0} 

is not empty. Thus there is a Kahler form u such that the class \fl • u] & H 1 (S n , O) does 
not vanish for n > 5. □ 

We also remark that our proof of the lemma 18.31 still works for degenerate del Pezzo 
surfaces. 



8.2 Vanishing theorems on surfaces 

Let M be a compact complex surface with canonical line bundle Km- We shall give 
some vanishing theorems of the cohomology groups ^(M, —Km) and H 2 (M,Q) on a 
compact smooth complex surface M, which are the obstruction spaces to deformations of 
generalized complex structures starting from the ordinary one (X, Jj). The following is 
practical to show the vanishing of if 1 (M, —Km)- 

Proposition 8.8. Let M be a compact complex surface with if 1 (M, O m ) = 0. // 
—Km = m[D] for a irreducible, smooth curve D with positive self-intersection number 
D ■ D > and a positive integer m, then H l (M, K M ) = for all integer n. 

The proposition is often used in the complex geometry. For completeness, we give a 
proof. 

Proof. Let Id be the ideal sheaf of the curve D. Then we have the short exact 
sequence, — >■ Ijj —> Om — > 3*Od — > 0, where j : D — >■ X. Then we have the exact 
sequence, 

H°(M, O m ) H (M,j*O D ) A H\M,I D ) H\M, O m ) 

It follows that the coboundary map 5 is a 0-map. Thus from if 1 (M, Om) = 0, we 
have H 1 (M,Id) = H l (M, — [D]) = 0. We use the induction on k. We assume that 
H l (M,I D ) = H l (M,—k[D\) = for a positive integer k. The short exact sequence 
— > I D +1 — > I D — >• j*Oo <8> Id ~ * induces the exact sequence, 

H (M,j*O D ®I k D ) ^H\M,I k D +1 ) ^H\M,I k D ). 

By the projection formula, we have H (M,j*O D <S> I D ) = H°(D,—k[D]\ D ). Since D ■ 
D > 0, it follows that the line bundle — &[Z)]|.d is negative and then H°(D, —k[D]\jj) = 
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H°(M, I D ) = 0. It implies that H\M,I^) = H\M,-(k + 1)[D}) = 0. Thus by the 
induction, we have iiT 1 (M, —nD) = for all positive integer n. Applying the Serre duality, 
we have H\M, -nD) = H l {M, (n - m)D) = 0. Thus H\M,nD) = for all integer n. 
Then the result follows since H\M, K n ) = H\M, -(nm)D) =0. □ 

The author also refer to the standard vanishing theorem. If D — a{Di is a Q-divisor 
on M, where D i is a prime divisor and a$ G Q. Let \a{] be the round-up of Oj and [a^J 
the round-down of a*. Then the fractional part {aj} is a« — [flij- Then the round-up and 
the round-down of D is defined by 

i i 

and {D} = Xli{ a j}A i s the fractional part of D. A divisor D is nef if one has D ■ C > 
for any curve C. A divisor D is nef and big if in addition, one has D 2 > 0. We shall use 
the following vanishing theorem. The two dimensional case is due to Miyaoka and the 
higher dimensional cases are due to Kawamata and Viehweg 

Theorem 8.9. Let M be a smooth projective surface and D a Q-divisor on M such 
that 

(1) supp{D} is a divisor with normal crossings, 

(2) D is nef and big. 

Then H^M, K M +\D])=0 for alli>0. 

If —Km = m>D is nef and big divisor where D is smooth for m > 0. Then applying 
the theorem, we have 

W(M, -K M ) = H\M, K M - 2K M ) = 0, 

for all i > 0. 

Next we consider the vanishing of the cohomology group H 2 (M, 6). Applying the Serre 
duality theorem, we have 

H 2 (M, 0) H°(M, VI 1 ® K M ) 

If —K M is an effective divisor [D], then K M is given by the ideal sheaf Id of D. The short 
exact sequence: — > il 1 ® Id — > — > fi 1 <8> Od — > gives us the injective map, 

->■ H°(M, n 1 <g> K M ) ->■ H°(M, fi 1 ). 

Hence we have 

Proposition 8.10. if M is a smooth surface with effective anti- canonical divisor 
satisfying H°(M, Q 1 ) = 0, then we have the vanishing H 2 (M, 6) = 0. 
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8.3 Non-vanishing theorem 

Proposition 8.11. Let M be a Kahler surface with a Kahler form u and a non-zero 
Poisson structure ft G H°(M, A 2 0). Let D be the divisor defined by the section ft. If 
there is a curve C of M with C D supp D = 0, then the class [ft ■ uj] G i/ 1 (M, 0) does not 
vanish. 

Proof. Since ft is not zero on the complement M\D, there is a holomorphic sym- 
plectic form ft on the complement. The symplectic form ft gives the isomorphism = Q 1 
on M\D which induces the isomorphism between cohomology groups H 1 (M\D,Q) = 
H 1 (M\D,Q 1 ). Then the restricted class [ft ■ oj]\m\d corresponds to the Kahler class 
MIm\d ^ H 1 (M\D,Q 1 ) = H 1 ' l (M\D) under the isomorphism. Since there is the curve 
C on the complement M\D and u is a Kahler form, the class [cj\c] G H l,1 (C) does not 
vanish. Then it follows that the class [w]|m\d G H l (M\D, Q 1 ) does not vanish. It implies 
that \p -oj]\m\d does not vanish also. Thus we have that the class [j3-uS\ G // 1 (M, 9) does 
not vanish. □ 



8.4 Deformations of bihermitian structures on the Hirzebruch 
surfaces F e 

Let F 2 be the projective space bundle of T*CP X © O cp i over CP 1 with fibre CP 1 , 

F 2 = P^CP 1 ©£> CP i). 

We denote by E + and E~ the sections of F% with positive and negative self-intersection 
numbers respectively. An anti-canonical divisor of F 2 is given by 2E + , while the section 
E~ with E~ ■ E~ = —2 is the curve which satisfies E + R E~ = 0. Thus we have the 
non- vanishing class [p ■ uj] G H l (F 2 , 0), where j3 is a section of — K with the divisor 2E + . 
(Note that the canonical holomorphic symplectic form ft on the cotangent bundle T*CP X 
which induces the holomorphic Poisson structure ft. The structure ft can be extended to 
F 2 which gives the anti-canonical divisor 2[P ,+ ].) 

Proposition 8.12. The class [ft ■ uj] G H l (F 2 ,Q) does not vanish for every Kahler 
form ui on F 2 . 

PROOF. The result follows from the proposition 18.111 □ 

On the surface F 2 , the anti-canonical line bundle of F 2 is 2E + and H l (F 2 , Of 2 ) = 0. 
Hence from the proposition 18. 8[ we have the vanishing H l (F 2 , —Kx) = {0} for all i > 
0. Since the surface F 2 is simply connected, it follows from the proposition 18.101 that 
H 2 (F 2 , G) = 0. Hence the obstruction vanishes. It is known that every non-trivial small 
deformation of F 2 is CP 1 x CP 1 . Thus we have 
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Proposition 8.13. Let (X, J) be the Hirzebruch surface F 2 as above. Then there is 
a family of deformations of bihermitian structures ( J t + , Jf , h t ) with the torsion condition 
and the same orientation with J t + = Jq = J such that (X, Jf) is CP 1 x CP 1 for small 
t ^ 0. 

Let F e be the projective space bundle F(0 © O(-e)) over CP 1 with e > 0. There is 
a section b with b 2 = — e, which is unique if e > 0. Let / be a fibre of F e . Then —K is 
given by 2b + (e + 2)f, which is an effective divisor. Thus from the proposition I8.10[ we 
have H 2 (F e , 6) = {0}. P-i(F e ) = dim H°(F e , K' 1 ) is listed in the table 7.1.1 of [33], 



p-Hf* 



9 e = 0,l 
9 e = 2 
e+6 e > 3 



Since K is given by the ideal sheaf Ijj for the effective divisor D = 2b + (e + 2)f, It 
follows from the Serre duality that H 2 (F e J<- 1 ) = H°(F e J 2 D ) = {0}. Thus applying the 
Riemann-Roch theorem, we obtain 

dim H\F e ,K~ l ) = e-3, 

for e > 3. In the case e = 3, note that H 1 (Fs, K~ v ) = H 2 (F^, 0) = {0}. From our main 
theorem, we have 

Proposition 8.14. The Hirzebruch surface F e admits deformations of non-trivial 
bihermitian structures with the torsion condition and the same orientation (J,J^,h t ) 
with J t ~ 7^ ±J for small t 7^ 0. 

8.5 Bihermitian structures on ruled surfaces P(T*E ff © 

We can generalized our discussion of F 2 to the projective space bundle of T*M © C M 
over a compact Kahler manifold M. Then we also have the Poisson structure f3 and as in 
the proposition 18.111 it is shown that the class [f3 ■ u] does not vanish. Thus we have the 
deformations of bihermitian structures from the stability theorem [H] . 

If M is a Riemannian surface S g of genus g > 1, then the projective space bundle is 
called a ruled surface of degree g. It is known that small deformations of any ruled surface 
of degree g > 1 remain to be ruled surfaces of the same degree. We denote by S = (X, J) 
the projective space bundle P(T*E©Cs), where X is the underlying differential manifold 
and J is the complex structure. Applying our main theorem, we have 

Theorem 8.15. There is family of distinct bihermitian structures (J, Jp, h t ) with the 
torsion condition and the same orientation on S := P(T*S © Oy), that is, the complex 
manifold (X, Jr) is not biholomorphic to S = (X, J) for small t 7^ 0. 
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8.6 Bihermitian structures on degenerate del Pezzo surfaces 

We shall consider the blow-up of CP 2 at r points which are not in general position. We 
follow the construction as in [6], (see page 36). We have a finite set E = {x\, ■ ■ ■ , x r } and 
A(E) obtained by successive blowing up at S, 

X(E) -> X(E r _i) ->■ ► -> CP 2 , 

At first X(Ei) is the blow-up of CP 2 at a point a?i G CP 2 and we have Ej = {xi, ■ ■ ■ ,Xt} 
and X(E i+1 ) is the blow-up of X(Ej) at x i+ i G X(Ej). Let Pj be the divisor given by 
the inverse image of Xi G X(E»_i). If T is an effective divisor on CP 2 , one notes that 
mult(xj,r) the multiplicity of Xi on the proper transform of T in X(Ei_i), and one says 
that T passes through ccj if rnult(xj, T) > 0. Define Ex, • ■ ■ ,E r by recurrence as follows, 
On X(Ei), one put E\ = E\ \ on X(E 2 ), Pi is a proper transform of the previous Pi 
and one also put E 2 = E 2 ; on X(E 3 ), E\ and E 2 are the proper transform of previous 
Pi and E 2 respectively and P3 = P3. Then Pi,-- - , P r are irreducible components of 
Pi + ■ ■ • + E r . 

We assume that the following condition on E, 

(*) For each i = 1, • • • , r, a point ccj G X(Ej_i) does not belong to a irreducible curve Ej 
with self-intersection number —2 for 1 < j < i — 1. 

If a point Xj G X(Ej_i) belongs to a irreducible curve Ej with self-intersection num- 
ber —2, then the proper transform of Ej becomes a curve with self-intersection number 
—3. If there is a rational curve with self- intersection number —3 or less, the anti-canonical 
divisor of X(E) is not nef. 

Definition 8.16. A set of points E is in almost general position if E satisfies the 
following: 

(1) E satisfies the condition (*) 

(2) No line passes through 4 points of E 

(3) No conic passes through 7 points of E 

We call X(H) a degenerate del Pezzo surface if E is in almost general position. Note 
that if E is in general position, E is in almost general position. In [6], the following 
theorem was shown, 

Theorem 8.17. [6] The following conditions are equivalent: 
(1) E is in almost general position 



34 



(2) The anti- canonical class of X(E) contains a smooth and irreducible curve D. 

(3) There is a smooth curve of CP 2 passing all points of E. 

(4) H\X(Ti),K^) = {°} f° r al1 integer n 

(5) —Kx s ■ C > for all effective curve C on A(E) and in addition, if —K X {t,) ■ C = 0, 
thenC-C = -2. 

Then from (2) there is a smooth anti-canonical divisor on a degenerate del Pezzo 
surface and we have H 1 (X(E),Ox) = 0. Hence from the proposition 18.81 we have the 
vanishing H l {X(Ti), —Kx) = 0, for all % > 0. A degenerate del Pezzo surface A(E) satisfies 
H^X^)^ 1 ) = 0. Then it follows from the proposition EM that F 2 (X(E),0) = 0. 

Let A(E) be a degenerate del Pezzo surface which is not a del Pezzo surface, that is, 
the anti-canonical class of A(E) is not ample. Then from (5), there is a (— 2)-curve C 
with Kxrs) ■ C = 0. Then it follows that C is a CP 1 . Thus we contract (— 2)-curves on 
a degenerate del Pezzo to obtain a complex surface with rational double points, which 
is called the Gorenstein log del Pezzo surface. Let (3 be a section of — Kx(s) with the 
smooth divisor D as the zero set. We denote by J the complex structure of the del Pezzo 
surface A(E). From our main theorem, we have 

Theorem 8.18. A degenerate del Pezzo surface admits deformations of distinct bi- 
hermitian structures (J,J^,h t ) with Jq = J and J t ~ ^ ±J for small t ^ 0, that is, 
j;Jt\t=o — —2(j3-u) + /3-u), and the complex structure Jf is not equivalent to J o/X(E) 
under diffeomorphisms for small t ^ 0, where u is a Kahler form. 

Proof. If X(E) is a del Pezzo surface, we already have the result. If A(E) is not 
a del Pezzo but a degenerate del Pezzo, we still have # 2 (X(E), 0) = H 1 (X(H), K^ 1 ) = 
{0}. Thus we have deformations of bihermitian structures as in our main theorem. It is 
sufficient to show that the class [/3 ■ uj] does not vanish. Since there is a smooth (— 2)- 
curve C with K ■ C = 0, the line bundle K~ x \c — > C = CP 1 is trivial. If there is a point 
P G D n C, then /3(P) = and it follows that (3\c = 0. Since the anti-canonical divisor 
D is smooth, we have D = C. However D ■ D = 9 — r^0 and D ■ C = —K ■ C = 0. 
It is a contradiction. Thus D PI C = 0. Then applying the proposition 18.111 we obtain 
[/? ■ u] / G if 1 (X(E), 0). □ 
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